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1. A system of three equations is defined by

kx+3y— z=3
3x— y+ z=—%
—16x—ky—kz=k

where k is a positive constant.
Given that there is no unique solution to all three equations,

(a) show that k=2

(2)
Using k=2
(b) determine whether the three equations are consistent, justifying your answer.
3)
(c) Interpret the answer to part (b) geometrically.
(1)
a) K 3 -I
3 -1 1 | = k(e4r)-3(-3k+16)-1 (-3K -10)
-6 ¥ -k
=2K2+AK-48 +3K 0
=2K%2 4+ 12Kk -32 =0
Ki+ bl -b=-0O
(.+8)(k-2)=0
K=-8 (reject as K is positive)
K=2

VY2x+3y-2=3 — @©
\31-351‘Z=—2 — %
-lbx -2y—-22=2 —

+ 2x (2
(2135-2-.)-* (Ax - 132) =3+(-0)
HWox22=-3 —

(Zex@z—@z)-(-l(ox- -22)=-4 -2
222 Gy

22x 142 = —

2 MR 0 0 O
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Question 1 continued

b continued)

@ R2Z =@ The 4wo eguations are a linear
mulbple of eacnother -.
the equatons are consistent .

¢\ The {nvee planes foromn o Sheof.

(Total for Question 1 is 6 marks)
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2. Given that
z, =2+31

|zlzz| = 39\/5

T
arg(z,z,) = Z

where z, and z, are complex numbers,
(a) write z, in the form r(cos@ + isin6)

Give the exact value of 7 and give the value of € in radians to 4 significant figures.

2

(b) Find z, giving your answer in the form a + ib where a and b are integers.

o) (2. -122+2> - 13

(6)

argz = tan~'(3)=0.48279... = 0.24828 (4s().
2, = s (COS(O-WBZS)-Q (sin(o."l?zz))

b) IZ.Zz.l = ‘Za‘x'zzl =3ﬁr2—-.

N2 a |Z2.]= 392
|2;_l = 320

arg (z22) = arg () + ara(zz_) -

ban (2) + arg(z2) = T

12% - tan™! (‘23:) =-0-19%39 ... =arg (22)
22 = 3126 (cos(-0.192.) +isin(-0.197..)))

= 15-3¢
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(Total for Question 2 is 8 marks)
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Figure 1
Figure 1 shows a circle with radius 7 and centre at the origin.

The region R, shown shaded in Figure 1, is bounded by the x-axis and the part of the
circle for which y > 0

The region R is rotated through 360° about the x-axis to create a sphere with volume V'

Use integration to show that V' = inﬁ
. 3)

VT\'f (2-2* da

=11’[er __]
. 3\ _ (_c3.,C2
T"[(r?’__%_) ((+3)
3 3
e foregt ] - w5
< \/= Lo

. .—-—:?;""' ( as req,\i\red)
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(Total for Question 3 is 5 marks)
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All units in this question are in metres.

A lawn is modelled as a plane that contains the points L (-2, -3, —1), M (6, -2, 0) and
N(2, 0, 0), relative to a fixed origin O.

(a) Determine a vector equation of the plane that models the lawn, giving your answer in
the formr =a + Ab + uc

3)
1
(b) (i) Show that, according to the model, the lawn is perpendicular to the vector | 2
-10
(i) Hence determine a Cartesian equation of the plane that models the lawn.
“4)

There are two posts set in the lawn.

There is a washing line between the two posts.

The washing line is modelled as a straight line through points at the top of each post with
coordinates P(—10, 8, 2) and Q (6, 4, 3).

(c) Determine a vector equation of the line that models the washing line.

(2)
(d) State a limitation of one of the models.

(1)
The point R(2, 5, 2.75) lies on the washing line.
(e) Determine, according to the model, the shortest distance from the point R to the lawn,

giving your answer to the nearest cm.

(2)
Given that the shortest distance from the point R to the lawn is actually 1.5m,
(f) use your answer to part (e) to evaluate the model, explaining your reasoning.

1

o @ (5)-()- (1)

o -1\ \

o= [ 3)- :%}(2’)
° -\ (

_ 2 8 4
= 8)1-A‘1’M3
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Question 4 continued
Msbnod 1
bv)

UsIng the 'cross product’ :

L g K ( -3 ) (-7_)
g6 v ) |T \-(s-4))=|-4
4 3 | 2 - i 20

- )
(—l—zt e (2) (as required)
20 -10

3 X
() v
| =

(:;) (E) = L\—JL+33+2=0

Usms Simultaneous equations :

ek x= H+3y+z=0
8 +ytz=0 =
Q*Z‘SL‘B —@© ytz =—4% ~@

-@
Y+z ~(3y+rz) - -8-(W)

- = = &

=2
920

|
- Pc'pend‘w\Qr - (2 ) (C\S IQQ}Mer)
veckor —\o

9
I
MR 000 Turn over
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Question 4 continued

") (%)-(3,): z+29-10a

2 -10
when xX=2, Yy-o, 2=o usi\n& N(

\ 2
2+ 2(0)-10(0) ._Zlb-(?b
x+2y-102=2

o @-(5)-(1)-(*%)
== (§)ee(*4)

d) - The lawn witl not be flat ,
- The wosmng wne will not be Sbrmg\nb

:)

oo

C) USlnD eguracon: |nia+ N2 +nzY+dl
‘ N ﬂz"* ns*

- |(zm)-u (5x2)+ (2. 75x-10)- 2]

V1242%4+ (~10)®

= . FHlwm

10
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Question 4 continued

f\ I.FHm 15 significantiy  MWfferent tov 1.5
2. Hne'model 1S not od.

(=]’
‘-q" —|-5

1.5

X100 = 14 /s €vvrovr

K Hus 18 a larae 7 €rror
So the model s bad.

(Total for Question 4 is 13 marks)
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Figure 2
A block has length (» + 2) cm, width (» + 1) cm and height »cm, as shown in Figure 2.

In a set of n such blocks, the first block has a height of 1 cm, the second block has a
height of 2 cm, the third block has a height of 3 cm and so on.

(a) Use the standard results for Zr3 ,Zrz and Zr to show that the total volume, V, of
r=1 r=1 r=1

all n blocks in the set is given by

V=Z(n+1)(n+2)(n+3) n>1
3)
Given that the total volume of all n blocks is
(n*+6n*—11710) cm?
(b) determine how many blocks make up the set.
(2)

a) Volume = f(r-n}(n—z.}
N < n N "
g Cr3c24 e = grs* 35 2, 25
= veu =4
= Lat(na)*+ 3xLnlat) 20n) « 240 (nn)

%(mf)(n(nﬂ) + 2(2nt\) + l—t)
180 (nt1) (n’--\rn-r'-rnf’)_-lq)

=N 245t b
u(nﬂ\(n S )

Vo= (n)(n+2)[nt3). . (as reqmreal)

12
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Question 5 continued

9 0 (arXni2)(ned) = n *x On®- o

Y493 34N = 4 3 _
ant1zndi2nt s 3n =ntebn3-11710

Znt+LInd -n2-3n-NA0=0 (W)
2N + 162 (lnt—bn - 46840 = o
There arc 10 Ylocks

“ N= 10

13



7

Question 5 continued
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(Total for Question 5 is 7 marks)
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6. (1)
2 a
A =
(a —4 b)
where a and b are non-zero constants.

Given that the matrix A is self-inverse,

(a) determine the value of b and the possible values for a.

(3)
The matrix A represents a linear transformation M.

Using the smaller value of a from part (a),

(b) show that the invariant points of the linear transformation M form a line, stating
the equation of this line.

3)
(i)

where p is a positive constant.

The matrix P represents a linear transformation U.
The triangle 7T has vertices at the points with coordinates (1, 2), (3, 2) and (2, 5).
The area of the image of 7' under the linear transformation U is 15

(a) Determine the value of p.

C))

The transformation V consists of a stretch scale factor 3 parallel to the x-axis with the
y-axis invariant followed by a stretch scale factor —2 parallel to the y-axis with the x-axis
invariant. The transformation V is represented by the matrix Q.

(b) Write down the matrix Q.
(2)

Given that U followed by V is the transformation W, which is represented by the matrix R,

(c) find the matrix R.

. )
@ /2 a (2 a). [ 4ta’-4o 2atob \ ©
-4 b)\au b 2a-8410b-4b o2-a0+0* | | o0
P 4 1+0f-4a=) 2atob =0
az-‘—\-ﬂ.f?)‘:o wnen a=\1 or wnen = 3

(a-8)|a-1)=0 b=-2
az3 ,a<l

16
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Question 6 continued

'tb') usmg a=1, b=-2

(2 L)% - (%)

2;-\—3 =X
i-\g=o
y= -

u,O) Acea of bnanale T =3

dec? = (3pxp) — (-1 x2p)
= 3p* +2p = 15

3pt+2p-5-0
(3e15)(p-1) =0
P=" %‘ (rejecy)

p=|
ib) Q - (o °
1% ( -‘ 3? - L

CoR: 30)(‘ 2) - [3 6
o-2/)\-! 3 2 -6

17
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 16 marks)
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f)y=z'+az*+bz*+cz+d

where a, b, ¢ and d are real constants.

The equation f(z) = 0 has complex roots z , z,, z, and z,
When plotted on an Argand diagram, the points representing z , z,, z,
vertices of a square, with one vertex in each quadrant.

Given that z, = 2 + 3i, determine the values of a, b, ¢ and d.

and z f form the

(©6)
2-30 1s also a root , aSs it S the cmjusate pawr
of 2t3¢.

(2 -(2-3) (2 - (2+3£))
= (2 -243) (2 -2-%) .
= 22-22 -3i2-224+4 4 60 + 32 - - A
=22tz +13

I~ A
b - As it forms a
P+3C g % 2+3¢ square , the other
U130 ¢ voots are -4#43 and
6 -q"'Bi/
e
* *
P-30 2-3v
=-4-3
(2 - (-2 2 - (-4 -31))
(2 14 -3)(z 1443

T 224802422 442 + 16 +I2 -3(2-12. -2
224382 +25

(22- a=z13)(22+32 425)
T 24 4 822 42522 - 423-3222 - 1002 412322 + (O4 24325
=24 U223 4622 4 42 + 325

a=4%, pb=6, C=4 . d=325
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Question 7 continued

(Total for Question 7 is 6 marks)
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8. Prove by induction that, for n € Z*

f(n) — 2n+2 + 32n+1

is divisible by 7
(6)
when n=
(W)
F() = 2% 32
s 23 B 33
= 35

= 5(F)
Shows the statement s true for n=1 as
S(#)=3S

tAssume  f(k) 1s dwisible \o& E
(rue forn=1)
() - 2**%+ 3 (1s dwnSinie btj‘?)

when n=lktl K €139
F(l".) - 2‘*“.’1* 32‘ 1)

= 94292, 324 3"

llet) - £K) = (2x2%" +3%%3°""") = (254 4 2%**")

=._. Y 2K+
- (22.‘40 : sgzé‘ﬂa) -+ ?x?’ztﬂ

= fle)— 2x3%"Y
s fles) = 26(10) + Fx32"
IF bruc for n=k mentrue For n=¥+v and as it

8 trvue forn=1, the Statement s true fov au
Positave ‘mbcgers Nn.
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Question 8 continued

(Total for Question 8 is 6 marks)

I
S e R S S S RS
L LRHLLRHLLRHILLIAIL LN

o X KR RRHLLIIHILLIHILLIHLLRHL K N
KR %
LRRRLLRRLLRRLLRRRLRRRLRILLRRLLRRLLK

K 000202026 % e %0 %2
X ORORRKIRRARKAK AR

bo%es
9%

267674 2 eteleretee
9595 ORI e el ratel
RRRLRRLRLRRRRLRRRRLRRRS

ootetetototetetototet

Q5RRIRILRIKS

RIS
S0RRRLLRKS

CRLRRRRLRLRS:

23
Turn over »

P 6 2 6 8 5 A0 2 3 2 8



9. The cubic equation

3+ —4x+1=0
has roots a, 5, and .

Without solving the cubic equation,

. 1 1 1
(a) determine the value of —+ — + —

a By 3)
(b) find a cubic equation that has roots l, 1 and l, giving your answer in the form
a

X} + ax* + bx + ¢ = 0, where a, b and ¢ are integers to be determined.
3)
Q) X+g+Y = = 3

g+ Y+ aV = S—= "L
xgv= =2 =-F

-4
__L-.,_L..‘.__L—:_- ey +xY + xg@ - 3 = 4
*® 8 ¥ @Y —L

2

[ | - —b _

R
oL, Yrx+B c
6 aY XY xXeY a -

— R 00 AR A
P 6 2 6 8 5 A 0 2 4 2 8
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Question 9 continued

(Total for Question 9 is 6 marks)
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10. Given that there are two distinct complex numbers z that satisfy

{z:|z -3- 5i| = Zr} N {z:arg(z -2) :%r}

determine the exact range of values for the real constant 7.

z - 2 _ 2
(x-2)%+ (4-5) = (2v)
and

Yy = -—x+2

(7

so (x-3)*+ (-x+2-5)" = 4r2
(x—?ﬂ" + (—1’3)"‘ Lz

x%2—-0bx+9 t X%+ x +9Q=4r2
2x2 418 = 4y2
232+ Ox 4 18-4r%=0

bt-4ac >0
02- (ux2x (18-4r?)) >0
O> 1Y - 22¢*

22c% 2144 Mo value of r
rf? 3 (2r)* = 5 2+ (3-2)*
4r* = 260
r> 32 rz= 2@
= o
r= {26
Z
2
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Question 10 continued
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Question 10 continued

(Total for Question 10 is 7 marks)

TOTAL FOR CORE PURE MATHEMATICS IS 80 MARKS
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